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Abstract 

The addition of interferometric backscattering pairs to  the conventional polarimet- 

ric synthetic  aperture  radar (SAFt) data over forests and other vegetated areas 

increases the dimensionality of the  data space,  in  principle enabling the estimation 

of a larger number of parameters. In this paper, the effect of medium symmetries 

on the number of independent  interferometric  measurements  is studied. Mection, 

rotation, and azimuthal symmetries are considered. In each  case, the number of  in- 

dependent elements of the interferometric  covariance matrix is derived,  which puts 

an inherent limit on the number of scatterer parameters that can be estimated using 

single-baseline polarimetric interferometry. 
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1. Introduction 

The addition of interferometric backscattering pairs to  the conventional polarimet- 

ric SAR data over  forests and other vegetated areas increases the dimensionality of 

the  data space, in principle enabling the estimation of a larger  number of vegetation 

parameters. A conventional polarimetric SAR system transmits  and receives  verti- 

cal (v )  and horizontal (h)  polarizations at a single antenna [l]. Images are formed 

by correlating various  available  combinations of colocated transmit-receive pairs. 

In polarimetric interferometry, however, v- or h-polarized  signals are transmitted 

at one antenna  but received at two antennas  separated by a baseline B (Figure 1). 

Here, we consider  single-pass interferometry only. The interferometric images are 

formed  by cross-correlating two transmit-receive pairs, each  received at a different 

end of the baseline [2-31. Hence,  conventional polarimetry is a special case  of the 

interferometric configuration,  where the baseline is zero. The issue of sensitivity 

of these data  to vegetation scattering parameters aside [4-81, this paper poses the 

question:  Will  increasing the number of data channels as such result in a one-to- 

one  increase  in the number of parameters that can be estimated, or do vegetation 

and data properties inherently limit that number otherwise? The answer to  this 

question is  derived on a strictly theoretical basis, and the implications for practical 

applications are discussed. 

A complete set of polarimetric SAR correlation data  at a given  frequency and a 

given  incidence  angle can be described with the covariance, or coherency, matrix E, 
formed  by correlating the  scattering  matrix elements and normalizing the results 

[1,4,9,10]: 

where A is the illuminated area and t indicates conjugate transpose. The  matrix S is 

the  scattering matrix. In the polarimetric interferometric SAR  (POL/INSAR) case, 

assuming transmitting at only  one  end of the baseline and receiving at  both ends, 

the covariance matrix can be similarly obtained by cross-correlating’the elements 
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of the scattering  matrix for each  end of the baseline. This can be written as 

where o denotes the normalized backscattering cross  sections for the correlation 

pairs at all possible polarization combinations, and subscripts 1 and 2 refer to  the 

two ends of the interferometric baseline.  Note that it is  assumed that  the media 

under study  are reciprocal and therefore the reciprocity  principle has already been 

used in to eliminate the correlation pairs containing vh at either end of the base- 

line. In general, the nine  complex  elements of this  matrix are independent, resulting 

in 18 independent data points. The zero-baseline polarimetric covariance matrix is 

Hermitian and provides an additional 9 mathematically independent measurements, 

resulting in a total of 27 data points in the general  case. 

In  this  paper, various symmetry properties of the  scattering medium are used 

to study whether any of the above  nine  interferometric  cross-correlations can be 

further eliminated. The number of independent pairs has direct consequences in 

their utility in parameter estimation schemes,  since the maximum  number  of  pa- 

rameters that can be estimated cannot exceed the number of unique  measurements. 

In  the following, the independent components of the POL/INSAR data  are derived 

for media with reflection, rotation, and azimuth symmetries.  Similar derivations 

have  been carried out previously for  simple polarimetry, i.e.,  zero  baseline [9,11]. 
This paper extends those to  the interferometric  case of general nonzero  baselines. 

2. Derivation of Independent POL/INSAR Pairs 

In  this section, the effect  of reflection, rotation, and azimuth symmetries of the 

medium  on eliminating redundant interferometric backscattering coefficients in 

is investigated. The medium  symmetries are defined  with  respect to  the orthogonal 

right-handed coordinate system given  by the unit vectors h, C, and I, the  latter 

being the direction of  wave incidence (propagation). 
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2.1. Reflection symmetry 

Consider  a  medium with reflection symmetry about a  plane containing the direction 

of incidence IC, and one of the polarization directions,  e.g., 6, as shown  in Figure 2. 

An example of such  a  medium  in  SAR applications is an agricultural field  plowed 

in the direction parallel to  the flight  line.  In Figure 2,  assume that  the incident 

wave is rotated by  any angle a about  the plane of symmetry,  resulting  in new 

polarization vectors A' and 6'. Further assume that  the wave  is transmitted with 

A'-polarization and received at either fi' or 6' polarizations, so that  the correlation 

pairs Ohhlhva (a) and Ohvlhha (a)  are available. Now consider the mirror  images 

of A' and 6' about  the axis A, and call them A'' and 6". Due to  the reflection 

symmetry of the medium, if now the wave is transmitted with A'' polarization and 

received at either A" or 6" polarizations, the  data should be identical to  the A' - 6' 

measurements above.  However, note that in order to have  consistent  definitions 

and a right-handed coordinate system, the horizontal and vertical polarizations 

now have to be interchanged. This results in polarization vectors A"' (previously 

called 6'') and 6"' (previously  called A"). Hence, we get 

A 

Fkom Figure 2, the vectors A'" and 6"' are simply  equivalent to  the original and 

6 vectors, rotated by r/2 - a. Hence, the following  conditions are satisfied: 
. .  



To obtain the elements of after rotation by the angle cy, first the rotated  scattering 

matrix is derived by applying the operator for any angle cy 

- 
R =  ( cosa - sincy 

sina coscy ) ' - 
S ( a )  = R Sl,=oR, 

" 1- - 

where 

Applying the rotations in Equations (6) and (7) to  the corresponding elements of 

the POL/INSAR covariance matrix in Equation (1) and completing the algebra as 

shown  in Appendix A, we obtain 

The resulting covariance matrix contains five independent complex  elements, or 10 
data points. If the baseline  is  zero,  i.e., the two ends of the baseline  coincide as 

is the case  for  conventional  polarimetry, the diagonal terms are purely real, and 

dhhvv and Ovvhh are complex  conjugates. This yields five unique data points. Since 

the zero-baseline  configuration is, by default, always  available in an interferometric 

system, the  total number of unique data points is 15. This is contrasted to  the 

general  case,  where there  are 27 unique data points. 
. .  

2.2. Rotation symmetry 

If a medium  is  invariant  under  any rotation about an axis parallel to  the direction of 

wave propagation as shown in Figure 3, it is said to have rotation symmetry about 

that axis.  In this case, the following  condition has to be  satisfied for any  angle cy: 
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where m, n, p ,  q are h or v polarizations. A uniformly random medium  comprised of 

discrete helical scatterers is a general example of a rotationally symmetric  medium. 

Applying the rotation operator given  by Equation (5) to elements of in Equation 

(1) and equating them to nonrotated elements results in (see Appendix B) 

In this case, the covariance matrix Grot contains only three independent  complex 

elements, or six data points. If the baseline  is  zero, Qhhhh and Ohvhv are purely real, 

and it can be shown that dhhhv is  purely  imaginary 1111, resulting in three additional 

data points. Hence the  total number of available POL/INSAR observations is 9. 

2.3. Azimuthal symmetry 

When both reflection and rotation symmetries are present, the medium  is  said to 
have azimuthal symmetry and satisfies the conditions of both reflection and rotation 

symmetires. For example, a uniformly random medium with spherical scatterers or a 

random rough  surface at normal  incidence  have azimuthal symmetry. The resulting 

POL/INSAR covariance matrix, therefore,  is obtained from  combining Equations 

(8) and (10): 

Here, there  are only  two  independent  elements  in the covariance matrix, or four 

unique polarimetric , interferometric data points. For conventional  polarimetry,  Le., 
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zero baseline, Ohhhh and ohUhu are  both real, so that there  are only  two additional 

unique measurements. The  total POL/INSAR data points is  six. 

3. Discussion and Summary 

Symmetries of a given  medium can put a limit on the number of independent mea- 

surements that can be obtained using polarimetric interferometry. Natural scat- 

terers, such as forests, oceans, and bare soil  surfaces often display one or more of 

the symmetry properties discussed  above, and hence the limitations discussed  here 

apply to POL/INSAR data over these areas. Depending on the type of symmetries 

present, the number of independent available measurements that can be used to 

estimate medium parameters will  vary. It was shown that, whereas in the general 

case there  are 27 mathematically independent measurements  possible  from a polari- 

metric interferometer, this number can be reduced to 15, 9, and 6 if the medium  has 

reflection, rotation, or azimuthal symmetries, respectively. The results can be used 

in several  ways in the  interpretation of SAR data and the development  of parameter 

estimation schemes: 

1. If fully polarimetric interferometric data are available, symmetry properties of 

the medium  could be deduced  from the  data. In other words, the POL/INSAR 

covariance matrix can be used as a classification  tool. Although a similar state- 

ment can be made about zero-baseline polarimetric data,  the introduction of 

interferometry to  the conventional polarimetry increases the dimensionality of 

the  data space which  is  used to determine the symmetry properties, and hence, 

is expected to siginificantly  increase the accuracy ,of such  assessment. In the 

cases studied in this paper, POL/INSAR data provide  twice the number of data 

points that would be available  from  conventional polarimetry. The increased 

classification  accuracy  possible  using POL/INSAR data is currently under  in- 

vestigation using the recently  acquired data by the NASA/JPL AIRSAR  in the 

POLTOP mode, and will be reported in future works. 

2. If symmetry properties of the medium are known,  e.g., if it is  known that a 



certain scene contains primarily  dense  forests or bare soil  surfaces, the required 

complexity of the observation  scheme  can be reduced by performing  only the 

necessary  measurements. For example, if a scene  is  occupied by a dense  forest 

canopy  whose scatterers have  no orientation preference, there is no need to 

transmit  both  the h- and v-polarized  signals. Transmitting at one polarization 

and receiving at both will result  in a complete representation of the covariance 

matrix, assuming  sufficient calibration. On the other  hand, if both  transmit 

and both receive polarization channels are available, they can be  used,  along 

with the known symmetry properties of the medium, as a calibration tool for 

the polarimetric, interferometric data set [12,13]. Similar to  the statements in 

item 1 above,  using POL/INSAR data as opposed to only the zero-baseline 

polarimetric SAR data should, in  principle, result in  significant enhancement 

of such a calibration procedure. 

3. The number of unique data points should be used as  an upper bound for the 

number of parameters used in formulating the scattering models if those  models 

are to be  used  for estimating medium parameters from polarimetric interfero- 

metric data.  The  actual number of model parameters will be, in general,  even 

lower  since although the measurements  could be mathematically independent, 

they may  not  necessarily be physically  sensitive to medium parameters. The 

results derived  in this paper are not  limited to any specific  physical  model that 

might  be used to describe the medium.  However,  such  models can be used to 

investigate further limitations in parameter estimation due to lack  of sensitivity 

of various POL/INSAR channels to  the unknown parameters. 

Symmetries of a medium  do enable a more  simplified description, hence  reducing the 

number of parameters needed  in scattering models of the medium. However, almost 

always the parameters still outnumber the measurements, and further assumptions 

and simplifications  may  be  needed to limit the model parameter set to avoid an 

underdetermined estimation problem. 

APPENDIX  A 
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The elements of the rotated  scattering matrix S(a) can be obtained from Equation 

(6) after  substituting Equations (5) and (7). This gives 

&,,(a) = -Shh(O)sinacosa+  S~,(0)(cos2a - sin2 a)  + S,w(0)sinacosa, (A2) 

sWw (cy)  = Shh(0)  sin2 cy - 2shW(0)  sin a cos a + s~,(o) cos2 a. (A31 

In the presence of a medium with reflection symmetry about the direction of  wave 

propagation, the backscattering coefficients  must  satisfy the following  conditions: 

m & 1 v v z ( T / 2  - a)  = QhWlhh&). (A51 

From Equations (2) and (Al)-(A3), we can  write for Equation (A4) 

and 

Since Equations (A4) and (A5) must  hold  for all angles a, the coefficients  multiply- 

ing  each trigonometric function of cy in Equations (A6) and (A7) must be equal. In 

particular, 

-ghh, hwz = uhhlhvz Or ghhlhwl = 0,  (A81 
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~ u u l  hvl = -0uv; hul or Qvv1 hul = 0. (A9) 

Similarly, Equation (5) results in the following  conclusion: 

Qhuluvl = 0. (Al l )  

Substituting these results in Equation (l), we obtain Equation (8)  in Section 2.1. 

APPENDIX B 

For a rotationally symmetric medium, Equation (9) must  hold  for all polarizations 

of the backscattering coefficient.  In particular, 

The above equation must hold  for all angles CY, and hence, the factors multiplying 

each trigonometric function of CY on either side of the equation must be equal. The 

results are 
. .  Qhhl hh2 = Q v v l v v l ~  (B4) 

Qhh; hv2 = -Qhvl hh2 7 (B5) 

Q V V ~  hv2 = --(lhvl V V ~  * (B6) 

Following a similar  procedure, Equation (B2) gives 
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Note that Equations (B6) and (B9) are identical.  Performing the same steps for 

other polarizations will produce the same results again, and therefore,  need  not be 

repeated. Substituting the above results into Equation (1)) we obtain Equation (10) 

in Section 2.2. 
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